The both mass-dependent and field shift components of the isotopic shifts and the lowest order QED corrections for the ground (singlet) 1 1 S(L = 0)−states of the 3 He and 4 He atoms are determined to high accuracy. For the same states we also evaluated the lowest-order QED corrections and the corresponding recoil (or finite mass) corrections. In our calculations we have used the new (corrected) formula for the recoil correction to the lowest-order QED correction which can be applied to atoms/ions with arbitrary nuclear charge Q ≥
I. INTRODUCTION
The goal of this communication is to determine different components of the isotope shift and the lowest-order Quantum-Electrodynamics corrections (or QED corrections, for short) for the actual helium-3 and helium-4 atoms, i.e. for the two isotopes of the helium atoms which have the finite nuclear masses. In general, highly accurate calculations of the lowestorder QED corrections in few-electron atomic systems can be performed only with the use of the relativistic wave functions. However, approximate numerical values of the lowest-order QED corrections can be determined with the non-relativistic wave functions as the solutions of the Schrödinger equation [1] for the bound states HΨ = EΨ, where E < 0 and H is the non-relativistic Hamiltonian of the helium atom 
where M N is expressed in the electron mass m e .
In this study we also apply the non-relativistic wave functions to determine some properties of the two-electron helium atom(s The operatorP 12 is the permutation operator for two identical particles (electrons).
II. ISOTOPIC SHIFT(S)
Differences of the corresponding (atomic) total energies E( ∞ He), E( 4 He), E( 3 He) coincide with the non-relativistic isotopic shifts for the isotopes of the helium atom(s). In this study we used the following nuclear masses (expressed in the electron mass m e ): M( 
for the expectation values we have
where we used the fact that all electrons are identical particles. It follows from here that
In particular, for two-electron atomic systems K = 2 one finds
In other words, to determine the isotopic shift in the two-electron atoms/ions one neeeds to determine the expectation values of the p 2 1 and p 1 · p 2 operators. Note that the first operator is one-electron, while the second operator is a two-electron operator [4] . The first operator in Eq.(8) represents the normal mass shift, while the second operator represents the specific mass shift (for more details, see, Chapter 8 in [1] ). As follows from Eq.(8) both of these components of the mass shift are mass dependent (or M−dependent).
Thus, to determine mass-dependent components of the isotopic shifts one needs either to perform the direct calculations of the corresponding total energies E( 3 He), E( 4 He) and E( ∞ He) (as we did in this study), or to determine the expectation value of the P 2 N operator and/or to evaluate to very high accuracy the p 2 1 and p 1 · p 2 expectation values. Each of these ways can be used in actual applications. For each of the helium isotopes considered in this study the expectation values of these three operators can be found in Tables I -III where all expectation values are given in atomic units.
In addition to the mass-dependent components of the isotopic shift there is a component which is directly related to the proton density ditribution in the atomic nucleus. This is the field shift component of the isotopic shift. For light atoms (and ions) the overall contribution of this component is relatively small, but it plays an important role in some applications.
In our calculations performed for this study we have used the Racah-Rosental-Breit formula (see, e.g., [5] and references therein). In atomic units this formula takes the form
where Q is the nuclear charge, R is the nuclear radius, a 0 α 2 = r e is the classical electron's radius and
is the fine-structure (dimensionless) constant which is the small parameter in QED. In Eq.(9) the notation Γ(x) stands for the Euler's gamma-function, while the factor B(b) is directly related to the proton density distribution in the atomic nucleus. By assuming a uniform distribution of the proton density over the volume of the nucleus one finds the following expression for the factor B(b) from Eq.(9)
For light nuclei with Q ≤ 6 we have b ≈ 1 and B ≈ . Such a choice corresponds to the uniform distribution of the proton charge density over the whole volume of the nucleus.
It is good approximation for all light nuclei. The formula, Eq. (9), has been used in many papers for numerical evaluations of the field component of the isotopic shift, or field shift, for short. In some works, however, this formula was written with a number of 'obvious simplifications'. Many of such 'simplifications' are based on the fact that for light nuclei the numerical value of the factor b is close to unity. Furthermore, in some papers the factor b was mistakenly called and considered as the Lorentz factor, while the actual Lorentz factor γ is the inverse value of b, i.e., γ =
, which always exceeds unity. As follows from Eq. 
where α = e 2 hc = 7.2973525698 · 10 −3 is the fine structure constant (see above), Q is the nuclear charge (in atomic units) and S is the total electron spin. The ground states in all two-electron ions considered in this study are the singlet states with S = 0. Also, in this formula ln K 0 is the Bethe logarithm (see, e.g., [6] , [7] ).
The last term in Eq. (11) is called the Araki-Sucher term, or Araki-Sucher correction, since this correction was obtained and investigated for the first time by Araki and Sucher [8] , [9] .
Note that the expectation value of the term 1 r 3 ee is singular, i.e., it contains the regular (i.e.
non-divergent) part and non-zero divergent part. General theory of the singular exponential integrals was developed in our earlier works (see, e.g., [10] and references therein). In particular, in [10] we have shown that the 
where
R is the regular part of this expectation value and δ(r ee ) is the expectation value of the electron-electron delta-function. The presence of non-zero divergent (or singular) parts in singular expectation values directly follows from the fact that the corresponding operators are self-conjugate. Here we cannot discuss this interesting, but non-trivial problem. Briefly, we can only say that the overall contribution of the singular part of the 1 r 3 ee operator is reduced to the expectation value of the electron-electron delta-function. Formally, in [10] the equality, Eq.(12), was derived for the exponential variational expansion, Eq.(3), only.
However, it can be shown that the same equality is true in the general case. Analogous formula can be written for the electron-nucleus expectation value
For the two-electron helium atoms with the finite nuclear masses we need to evaluate the corresponding recoil correction to the lowest-order QED correction. Such a correction is also given in [10] . In atomic units it is written in the following form is small and can be evaluated as R ≈ 4 He and 3 He) considered in this study.
IV. CALCULATIONS AND CONCLUSIONS
First, let us determine the field components of the isotope shifts for the 4 He and 3 He atoms. By using Eq.(9) and the expectation values for the electron-nucleus delta-functions from We have performed highly accurate computations of the ground 1 1 S−states in the twoelectron helium-3 and helium-4 atoms and in the model ∞ He atom. By using the computed expectation values of some operators we have evaluated (to high accuracy) all massdependent components and field component of the isotope shift(s) for the helium-3 and helium-4 atoms. We also evaluated the lowest-order QED corrections (or Quantun Elelctrodynamics corrections) for each isotope of the helium atom. Results of our study are of interest for future highly accurate calculations of the total isotopic shifts for different isotopes of the helium atom. In our analysis we derived and used in calculations the new (corrected) formula for the recoil correction to the lowest-order QED correction which can be applied to atoms/ions with arbitrary nuclear (electric) charge Q ≥ 1. In earlier modifications of this formula, Eq.(13), the factor Q 2 in front of the third term was missing. The old formula was applicable to the negatively charged hydrogen ions (when Q = 1), but it was leading to certain contradictions for atomic systems with larger Q. In general, our results for the lowest-order QED corrections determined for these atomic systems coincide well with the corresponding results obtained in earlier studies (see, e.g., [11] , [12] ). Nevertheless, quite a few modifications must be done in our procedure to improve the overall accuracy of our calculations of the lowest-order QED corrections. First of all, we need to improve our old approach which was derived and used 10 -15 years ago to evaluate the Bethe logarithms for different two-electron atomic systems. Also, in future studies it will be very interesting to consider the lowest-order relativistic and QED corrections for other atomic systems and for different bound states in such systems.
In conclusion we have to note that accurate numerical evaluations of the lowest-order QED corrections and other higher-order (upon α) corrections are of increasing interest for various few-body atomic and molecular systems (see, e.g., [11] , [12] and references therein for the two-electron helium atom(s) and [13] for the H + 3 ion). For two-electron helium atoms and helium-like ions this fact can be explained by a stream of experimental papers in which some new approaches to high-precision measurments have been developed and applied (a) The exact (or expected) value of the electron-nucleus cusp ν eN in this case equals -2.0, while the exact (or expected) value of the electron-electron cusp ν ee in this case equals 0.5. δ(r ee ) 0.106345370634 ----------------
